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y / L* INTRODUCTION . ' / 

/ This module- presents the idea of .a mathematical, group 
^and shows an application to the structure of human 'groups. 
Many societies in an early stage, of development are 
divided into sets of families called clans , and marriage . 
•and descent depend upon clan membership. For example; im- 
agine a society divided intfo four clans,, which we f ll iden- 
tify by 1 , 2, and 4. In the diagram below the arrows 
pointing to the left show, the permitted marriages of this 
society while the arrows pointing to the right show the 
clan membership of the offspring. 




. We *see that' if- a man belongs -<to- c^an l then he must^marry a 
woman from clan 2. Their children will belong to clan 3. 
We can gather further information from this 'diagram.** For 
example, a man from clan 1 would have grandchildren in 
clans 1 and 2. That is r .his son would be in clan 3 and 
thus his son's son would be in clan 1. (See diagram.) But 
his daughter, who is in clan 3 r would have to marry a man ' 
frc-m clap 4, and their child would be in clan 2. In the 
same, rather 'tedious way r we could trace out the clan of 
any person's relatives and thus discuss a variety of ques- 
tions that are of interest to anthropologists. Will our 
clan 1 man have some relative in each of the four differ- 
ent clans? (This would give the society some cohesive- 
ness). What types of relatives are allowed to marry? For 
instance, can cousins marry according to the diagram above? 
We will introduce a neat mathematical way of attacking 
questions like these using (mathematical) group theory. 
Abstractly, the diagram above shows that wives 1 and 

^cJuldren f s clans are merely a re-ordering, or permutation . 

of the numbers 1, 2, 3, and 4. , That is, if we put the 
* husbands in the order 1,2,3,4 then the wives will be 
arranged 2, 1, 4, 3 and the children will be arranged as 3, 
4, 1, 2. Our main example of a*mafchematical group is based 
on 'the different arrangements of 1, 2, and 3 that may be 
obtained by geometric transformations of a triangle with 
vertices labeled 1, 2, aijd 3. A study of this group will 
» ' * 1 



give us cho tools for looking ab,s<fme anthropological 
questions. A great deal mo^^can be found ln-the book An 
Anatomy of Einship by H^e^white. „ 

|i The applica^tip^of mathematics to^ soci'al-science ques- 
tions is notnstfrly' as "clean" as^irn t'he physical sciences. 
In ^arti^Arirar, we do not expect to ^ind any human societies 
asnWtly arranged into clans as described here; nor are 
^ttie , rules of marriage and descent precisely and absolutely, 
followed. The "law'^of m**aia§e^is certainly different«i 
Xta 'force than the "law" of gravity! Nevertheless, mode 
of this type have been helpful to those who study the * 
structures of complex human organizations!; ^ 



2_. AN EXAMPL E OF A MATHEMATICAL Gq pHP 



\ZA Labeled^T rianoles ^ 

\ * . 

.Draw an equilateral triangle, and label each^ertex 
with^ne of the numbers 1, 2f and 3. Label each vertex 
with j a different number. Youx^triangle is labeled in a 
particular way. Before going on, think about this:' in how 
many v^ays coglj your triangle have been labeled (using only 
the^ntimbers^i , 2, and 3 and using each number only once).? 
Write. yoflr answer here . 

■There are actually^ six ways of labeling the vertices 
of a triangle. To see this, pick any vertex and note that 
it coujd ,be labeled with any one of the three numbers. 
Once this vertex is labeled, there are two numbers leTt for 
the nex^t vertex. And when two vertices have been labeled 
the third vertex can be labeled only in one way — because 
only one number, left. Thus, in all, there are 

^ (3 ways) x (2 ways) x (1 way) = 6 ways 

of labeling the vertices of a triangle. 

Exercise j . (i) According to the argument above, .how many ways are 
there to lafeei the vertices of a square? (ii) How many ways of la- 
beling the vertices of a regular n-sided polygon? fc 

'"~ 7 ' 7 ~. ' : " ' 

1*2 flotations . * ^ 

, All six^ways^of labeling an equijateraj triangle are' 
shown in Figure 1. For our discussion we wi^Ll call trian- 
gle' (a) *'in Figure 1 the "standard triangle." Stop a moment 
and make a standard triangle for yourself. Cut_it out of * 
cardboard or Jieavy paper and. label it just, as^inFigure 1 
(a). Be sur-e to label both sides of each v/rtex. witfc the 
same number because later you will need to 'turli the triVi-* 
gle over. \ - 

0 2 
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Figure 1.* Six ways to label a triangle. 



uc 



Each of the triangles in Figure 1 can be obtained/f rom 
the standard triangle by simple transformations of the < 
standard triangle* To -see this, ta^e your triangle and put 
it into the standard position of Figure 1(a) and rotate it 
about 4ts center. You can see that Triangle (b) is obtain- 
ed by a clockwise rotation of '120 degrees. Triangle (c) is 
obtained by rotating Triangle (b) clockwise through 120 
degrees which is the same as rotating Triangle (eu), through 
240 aegrees, in fact, any one of* the triangles (a) , (b) , 
or (c) can be obtained from any one. of the other triangles 

(a) , (b) , or (c) by a rotation about its center. 

Exercise 1. (i) Through how many degrees must Triangle (a) be rotated 
in order to obtain Triangle Ca)? (ii) How many answers are tHere to 
Question (i)? (iii) Thrdugh how many degrees must Triangle* (a) be ro- 
tated in a counterclockwise direction to get Triangle (b)? I iv) Tri- 
angle (c)? (v) Triangle (a)? tvi) Can Triangles (d); (*), affd- (f) be 
obtained from each ojher by rotation? « 
- j " ~ ~ ' 

,2,3 Flips " 

Although Triangles (a), (t>f, and (c) can be obtained 
from one another by rotation, none of Triangles (d) , (e) , 
or (f) can be* obtained in -this way from (a)/or (b) or (c) . 
The reason for this -is thatj in all^of the 'triangles (a) , 

(b) , an£ (c) the numbers 1, 2, and 3 are/in tfie sam.e rela- 
tive order. Reading the labels of the vertices clockwise 
in any/ of these triangles, we always get the order, 1-2-3 for 
these numbers, whereas for Triangles (d) , (e) , and (f) the 
order is 1-3-2. To change the relative order of the labels 
.we^have to "flip" tHe triangle over (like flipping* a co'irt) . 
Again put your triangle in" standard position, pick it up 
and flip it over on .the -axis through vertex 1. The vertex 
labeled "v" keeps its position at the top but vertices n 2 n 
anfl "3" aire interchanged giving triangle td) ♦ Can Triangle 
(e) be obtained from Triangle (a)? Notice that Triangles 

q 'a) and (e) have the same labe^l for the right-hand vertex, 
hus a flip trough this^ vertex will give (e) from (a). 




(a) from (a)_: a rotation 
of* 0° clcrckwise. 



(b) from (a)*: a rotation 
,of 12-0° clockwise. 



(c) from (a) : a rotation 
. of 240° clockwise. 



(d) from (a) : a flip 
■ through the top 
vertex/ 



(e) from (a) : a flip 
through the rignt- 
hand vertex. * 



(f ) from (a) : a flip 
through the left- 
hand vertex. 



Figure 2. Operations on triangle (a) to get triangles 6 
(a)* (b>, ... , (f) . ' 



(Or -(a) Jfom (e)!) In the same way, you see that Triangle 
(f) can be obtained from (a) by flipping through the vectex 
labeled "3/ ' ~ 

1 - The results of rotating clockwj.se and flipping the 
standard triangle to get each of the triangles in Figure 1 
are shown in Figure 2. To make Figure 2 complete note that 
we have used a rotation^of zero degrees (also 360 degrees, 
720 degrees ...). Each of these operations is given a 
suitable label: R for rotations; F for fljLps. 



Eacercise 3 . (a) Mak* a figure like Figure 2 showing how these 
operations transform Triangle (b)— that is, use Triangle (b) for the 
"standard." (b) Make a figure like Figure 2 using Triangle (d) as 
the "standard," and complete Table ll * 



| TABLy 1 

Results of' Using Trianile (d) as "Standard" 



Operation on 
Triangle (d) 



Resulting 
Triangle 




It should be clear frbm Exercise 3 that any of the la- 
belings *in Figure/1 can be taken as the standard labeling - 
and that by use pf the six operations — three rotations 
^jjfl three flips/ — any other triangle of Figure 1 can be 
^obtained. *\ fS ' - 

2./ Successive Applications ofc Rotations and Flips 

It: is now natural to ask what would happen if, begin- 
ning with any standard triangle, we apply the operations of 
Figure 2 successively, mixing flips ar\d rotations* For ex- 
ample, what happens to Triangl-e (a) if we rotate it through 
240 degrees a.nd then flip it through the top? " Ttfe rotation 
takes Triangle. (a) into (c) and a^ flip of (c) through the 
top" takes it to (f). From Figure 2 we -also see that (f) 
can be obtained from (a) by a flip through the left-hand 
corner. Thus the two operations R 2 and F t , performed in 
this order, are equivalent to the- single operation F^. 
Because of certain analogies with prdinary multiplication 



.• •• ' - " • v • 

it is customary to call F^ the product of R 2 amd F t and 
write the, equivalence: 

« * a . * 

"2 C t r I ' * 

Notice that although we used Triangle (a) as our standard 
here — because we had to have some triangle' to work with 
— tjie same result would be obtained by us K ing any other 
standard. 'For example, beginning with (d) R 2 gives (e) and 
then,F t gives, (b). % But (b) is obtained from (d) by F^. 

1 Other equations (equivalencies) can Be obtained by 
successive application of the six operations. For example, 
a flip through the top of Triangle (a) gives Triajr^gle (d),- 
and "if this is then flipped throuqh its right-hand corner- 
we arrive at Triangle (c) . But Triangle (c) can also be 
obtained from (a) by a rotation of 240 degrees, so: 

F t x F r = R 2 . * . 

Rotating "and flipping your triangle will enable you to find 
the product of any two operations as above. Thete are 36 
different products in all, but there are only^six different 
answers since no matter what we do to a triangle — by way 
of rotating and flipping -- we always get one. of the six 
positions of Figure 1. Before going on you should do a* few 
of these. For example, those given in the exercise below. 

Exercise A. Using Triangle (a) as the standard, verify the following 
results: , i 

(0 Rj x Rj = (ii) Ro ^ F t = F t 

(iii) F t x Ft =;R() ( iv) Ft U ^ = Fr# 

(v) Repeat (i) through ( iv) above using Triangle (d) as the standard. 



1^5 The Multiplication Table 

Table 2 g;Lves the product of each of the operations. - 
The row headings in Table 2 indicate the* first operation 
and the column" heaAngs indicate the second operation* . 
Thus from Table 2 we see tljat followed by % F t *is F r . 
(Look in the row headed and in the column headed F t .) 
This tablets analogous to a multiplication table for 
numbers. There, is, however, one very important difference 
between this kind of product and products of numbers. If 
you look in the row headed\F t and .the -column headed Rj .you 
find F £ joloJ; F r . That is^/^ 

i 

RjL x F t F t x R 1 

and we see that the product of operations on labeled 
triangles is a non-commutative product. Table 2 'shows 

* 6 
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*other rlon-commutative 'products; In fact, the only commu- 
tative /products shown in Table 2 are those involving two 
rotations oj: the same- flip performed twice. '(.e.g. F t x* F t 
^ = Rq) . 'This is one major difference between this type of 

prodyct and products of numbers. ^ There . areK^owfcver , quite 
a few similarities between these* tw$ products which we dis- 
cuss* below. * 



Exercise 5. C4.) Verify the entries in Table 2 that have not already 
been calculated above filling in the flanks where necessary. ( li) s For 
each operation^, use Tabl e ~ 2~ to f i n<$ ~a n operation A so that X x.A 
= "Rq. (iii) Do X and A always commute? (That is, if X x A = Rq i£ 
X x A = A x x)? 

— . : rt * * 

2.6, Tabled as a Ma thematical Group 

„, . The operations on labeled triangles represented in 
Table .2 are an example of what is called a group in mathe- 
matics* Though we are not concerned here with the general 
theory of groups we point out the main properties of Table 
. 2 , ('arid opera-tibns on triangles) tha^t make it a group.* 
- Multiplication of rational numbers (excluding zerx>) ^is also 
ft 'group operation and wjC; will use this example too in our 
•discussion. « 
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• • • * ^ « TABLE 3 x • 

Products of the Six Operations Performed Successively 

* r - • 

Second Operation 





* R 0 — 


R l 


R 2 * 


ti 




F * 




R p. 






F t 




F * 


V 


' R l 






F r- 




F t ' 
















h 




R o 


' R l ■ 


F * 




F r 


F t 


F t 




F r ? 


R 0 


; R 2 


R l -. 


F r : 




F t* . 


F * 


R l 




R 2 


' F * 






F * 




i R1 





J.. Rq is a very special operation, Rq leave's every trian- 
gle- the same, so f^r any operation X, X x R Q p= r q x x, 
=*X. The number 1 plays the same kind of role in the 
multiplication of* positive rational numbers. Rq and 1 
are* call ed'^tie ddentj.tv >fror thteif respective products 
. o& groups* * Every Vjroup has 'an'' identity. / 1 



ii 



Given an identity for a. product it is natural to ask 
whether every element has an inverse . Ln the group, of 
positive* rational numbers the , inverse t>£ any number is 
its reciprocal — the inverse of 3 is 1/3 , the l invejse 
of 5/2 is 2/5. An opefati^on A is the inverse of an 
operation X, if and only if X x A ■>= A x X = R Q , (the 
identity,) . In Exercise 5 °Cii) you found that 'each of 
the operations of* Table 2 has- such an inverse.* These 
are< probably easier to find by thinking "of the geometry 
of 'the_J^h^Ied triangle: What *do .we have to do after 
arty operation to get back -to the "standard?" After any 
flip, the same flip will get us badfc, so the inverse of 

' F x is just F x ^ 'After rotating through 120 degrees, a 
rotation of 240 will get us back to standard position 
and conversely. ' So^ R-^ and R 2 are the inverses of each 
other. Every operation here has an inverse operation ' 
-- just as every positive rational number has a recip- 
rocal. In a group every element must have' ah inverse*. 
A group must be a closed set, which is to say that the 
product of any two elements of the grtfup is also an 
element of the group. In terms of Table 2, closure* is 
easily checked by noting that the only thing tehat is • 

inside the tabl»e (as a product) is one of the six oper- 
ations. -The set of" rational numbers is closed under, i ' 

/nultipliQation,- since the product of two rational num- 
ber^ is always a rational number. » • ♦ 
Finally, we mention another property o % f groups: J&\e • 
product operation for a group must be' associative . . 
Th,at i<s, if we take any # £ln££ operations — say,-F t , • . 
F^, (and Rj then the product is the same* no matter which 
product we do firs,t. Thus, we have, for exampfe 

(F' t x F r ) x R^ = F*-x (F r x R x ) . 

The order of .the factors within the product; must or" 
course remain the* same. * In words,. F t times F r ' and * 
then this product times R^ must be^the same as ,F t times 
the product of F r times ^ (oprformed first). This 
♦fact can be checked for aJXthe possible products in ~ J 
Table 2. ' . . 

212 Other Examples 

i 

The set of positive and negative integers together' .with 
zero is a group ~unde£ -the operation addition. The" . 
identity is zero and the inverse of 'an* integer is its* 
negative. (The inverse of -5 is +5.) 
"Clock arithmetic" is a group* under ^"clock addition. " 
Three o'clpck plus 11 hours is two o'clock/ etc. Three 
o'clock minus 4 hours is elpv&n oJclocV. £ust counting 

6 



12 



— : 7 

♦ • 

Sours, there / are 12 elements in the group; the identity 
is 12 'hours; and the inverse of x is 12 - x. 

2-l3 Summary 

^ * The operation on labeled triangles defined here ls^one 
pf many examples of a. group. \There are six possible label- 
ings of an equilateral triangle and any one of these can be 
obtained from any other by a rotation (including a rotation 
of zero degrees) pr a flip through a vertex, Taking these 
operations — not the trian^l'es — iwe formed a gfdup by 
successive application of a/sfr two operations to a triangle. 
(Any triangle may be usedfor the "standard.") We called 
the successive application of* two operations the product, 
and wrote x F t to mean the operation that is equivalent 
to a rotation of 120 degrees fallowed by ^ flip through the 
top 'corner. Table 2 gives all the results of such prod- - 
ucts. There are similarities between this product and the 
multiplication of rational numbers, but there is an 'impor- 
tant difference: *x F t / F t x R^r^thus giving an exam- 
ple of a non-Commutative groupT^ For" this group, R Q is the 
identity (compare "1" for rational numbers under multipli- 
cation) ♦ We computed the inverse of .each operation X as 
the operation that when multiplied by X gives ,R Q . 



Exercise' 6. "Verify that R, , and F_ associate. That is, 

(Rj x Rj) x F f = R x ^x {1^ x F r ). 

Exe^fse 7 . show that every operation for the equilateral triangle 
k catt be given by Recessive .use of only two operations R 1 and F t . Thus 
• R^ Sand F t Can be jised to generate the group.^ Vhat other pairs can be 
used in this way? — • \ , 

Exercise, § . Explain your answer to Exercise 8 in terms of .the geo- 
JX^mttry of^; the triangle*. 



ercise 9 > Make a .square and label it like the one below. 




develop the groj|p of rotations of your (the) square. 
Exercise 10. i Consider, in addition^ to the rotations above, four flips 
^of the square as shown below. • 



3 4 

t 

i Z 




2 1 
4 3 




4 2 
3.1 




1 2 
3 4 




, 4tarelop the group of these eight operations on the square. 

13 • ' 



E xercise H , Suppose you had a six-hout> clock.. Construct the multi- 
plication table for the group-of this clock. 

Exercise 12> * Compare the multiplication table for\he six-hour "clock 
and the multiplication table for the operations in the triangle, in 
particular, ' is" the cjlock-table commutative? 

/Exercise. 1 3 . A subgroup is a subset of a group that is .itself a 
group. Is the set consisting of Rq , R 1 , R^^ a subgroup for* the oper- 
ations o'n, the triangle? Are there- any other subgroups? 

3'.' ANOTHER METHOD OF COMPUT ING PRODUCTS 

All of the calculations so far were done by rotating ' 
and flipping an actual triangle or by looking at Figure 2. 
in many examples of* groups concrete models like the labeled 
triangle are a little harder to construct. We. therefore 
introduce another method for computing the product of two' 
operations. * * 

To calculate the product of two operations we intro-» 
duce a notation that shows 'what? happens to each of the 
labels when the triangle is transformed, when we look at 
what* happens to 1, 2, and 3 when the standard triangle (a) 
is rotated through 120 degrees w«e find that: 

1 takes the place formerly held by 2 ^ * 

2 takes the place formerly held by 3 

3 takes the place formerly held by 1 . % 

i 

This is written as follows: * , * • % 

R. * I 1 2 2 ) ' ' 

"i K 2 3 r • 

« 

V/e can say to ourselves: "1 goes to* 2, 2 goes to 3, and 3 
goes to 1 under ♦ " Frvom Figure 2, we see that in the same 
way each^Qf the <six operfaJ:ions can be written 



~_ ( 1 2 3, R .,12 3, ft p „ J 2 3v 

*0 - ( 1 2 3 ) *1 7 ( 2 3 1 } R 2 " ( 3 1 2 ] 



f ^ r 1 2 3 ) F = f 1 2 3 > F - f 1 " 2 3 ^ 

*t ~ { 1 3 2 ] * F r ( 3 2 V F * ~ ( 2 1 2> • 

» j 

Note that in this way of* denoting an operation the numbers 
1, 2, and 3 are 'always -on the top row in the order 1, 2, 3« 
The second row gives the number that takes the place of the 
number above it. with this scheme, we pan now calculate a 
product by'-following the* "history" of the numbers. For ex- 
► alhpler'the product R 1 times^ F fc would be writteh'down in * 
this fashion * - 



10. 



x. P. 



( 1 2 3 1 ( 1 2 3, 
^2 3 1 ,l l 3 2 1 ' 



\and the result of the product can' be given by reading from 
left to right : "1 goes to 2 ancf 2 goes to 3, so \ goe$ to 



0.' 





1 2 3' 




1 2 3' 






V F t = 


2 3 1, 




A 3 2, 







ft 



Then, "2 goes to 3 and 3 goes to 2, so 2 goes to 2." 
Lastly, "3 goes to 1 , 1 goes to 1 and so 3 ijoes to \1 
fltially, • . 



1 2 

2 3 



2 3, = 

'3 .V 



,1 2 3, 
l 3 2 1 ,r . 



So 



or f as before, x* F t * = F r . * Of course we get exactly t^e 
same product as before. This is not a new product, it is^ 
just another way of computing the- same product. 
It may help to have another example here. * 



,1 .2 3. .1 2 3 } 
l 3 2 1' l l 3 2? 



/I 2 3. _ _ 
( 2 3 1»- \ 



Thus: , "1 goes to 3 and 3 goe-s to 2, so 1 goes to 2;" 

"2 goes to 2 and 2 goes to 3, so 2 goes to 3 ; " 
"3 goes *to l*and 1 goes to 1, so 3 goes to 1/ 



Exercise 1A. (i) Do two more product^ this way and check your answers 
using Table*2. (ii) Consider two operations A and B on the numbers 1. 
2» 3» and 4 as given Below* Compute A x* B and B x A. 



A S 3 2 r 



B - ( l 2 3 4 ) 
2 I A j 



\ 



' lit!' 

(iii) Compute the same products as|in x (ii)^aboye, ,defi^iflg > ^A and j\ by 
operations on a labeled square. * jjj, \ *» ** ^ * 

(iv) Use this method of cajculatibtf to find the inverses of Rj and F t 



Thus to find the inverse of R| wr ! 



( 1 2 3, ( 1 2 3, a 



and fill in the b'lanks. Do the sfiipe for $ + 



f • 
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4. AN APPLICATION TO* KINSHIP STRUCTURES 

"».. modern society still leaves the kinship bond as the 
dominant institution of simpler societies, fulfilling 
many of the welfare functions of the modern 'state* — 
controlling . the performance of work* the gratuitous 9 
rendering of economic devices ^ the kinds and incidents 
of property* and ... the organization of work in the 
household." (Stone, p. 122). 

* r ' 
Every society has some rules governing the types of ' 

marriages that arfc permitted and the type s 4 of marriages 
that are prohibited! For example, no society all'ows a . 
parent to marry a child; very few* societies allow brother- 
sister marriages'; and most industrialized societies prohib- 
it marriages betwefen. cousins . of course, when we say that 
a pertain type of marriage is ^prohibited" we mean that in 
one way or another it is "against the law;" some type of 
punishment, is supposed to follow a prohibited marriage. ' 
For several reasons^ these rules of marriage prohibition * 
&ave interested anthropologists. Anthropologists have 
found that when the marriage rules become complicated — as 
we'll illustrate below -- the mathematical theory of groups 
can be used to simplify their analysi-s. It is even possi- 
ble to make mathematical calculations that will reveal pro- 
hibited marriages between relatives who are quite remote/ 

Among societies whose economy ;s based oh hunting and 
fishing, the rules of marriage and descent are ofte,n quite 
explicit, ^ch person belongs to a marriage group, called 
.a^ clan , and the members of one particular clan can only 
marry the members of another particular clan. The clan 
membership of the father will then determine that of*the* 
children and thus any relative's clan can be given by 
tracing through the family "tree."^- 

Foe what follows we make t^e following assumptions 
regarding clans and kinship: 

1. The society is divided into a definite number of dis- , 
^ tinct clans. 6 Every person belongs to one and only one * 

elan - , ' . 

2. Clan Membership determines marriage type. A man^bf . 
clan A can o'hly marry a woman of clan B and in no case" 
may A be the. same as B. (Brother-sister marriages in 
this broad sens€ are always^ prohibited) . 

3. Clan membership determines descent.' The child of a man 
in' clan A will always belong to a particular clan X. 
'Children whose fathers' are in, different clans will 
themselves be in different clans. " 

4. All. other kinships are given by rules. 1 , 2, and 3 
above. 

1 C 12 



4,1 The Wi/fe Transformation v 

e , * 

> . - Suppose that' a society has only four -clans and that we 

\ number them 1, 2, 3', and 4. As a specific example suppose ^ 

that, the riiles^of; the s6£ie.ty->pecify that; 

t a man f r< i m clan,! can only marry -a wbmar^ from clan 2 

*" a man^rom clan 2 can only marry a woman from clan 4 

a. man /from clan, 3 can only marry p ^wbman from clan 1 

a man from cla,n 4. can only marry a 'woman from cla'n 3. 

Regarding these rules afe transformations of the labels 1, 

2, .3, and 4 we can w'rite, as above: 

* ° 

^ W " ( 2 4 V 1 3'' . 

where W stands^ for a man's wife.. Thus,- each relation to a 
man, e.g., wife or sister's husband, can be represented by 
a permutation. We can now calculate with W and .see what 
meaning the results would" have in terros'of the marriage 
rules. For- example, 

a 

« W x W = f 1 2 3 4 ) x ( 1 2 3 4> _ .1 2 3~4> 
' W W l 2,4 13' l 2 4 1 3' " ( 4 3 2 1 } * 

What doe* this mean? Clearly this is not the clan of a 
mart's wife's wife, but it is the clan of a man's wife's ' 
brother'? wife. That is,-*a man in clan 1 would marry a 
woman £fom clan 2, t her brother would also be in clan 2 and 
. * Jlifi wife would then.be from clan 4. So, 1 goes to> 4 under 
W * W, as shown in' the calculation above. In the same' way 
clans 2, 3, and 4 are transformed to 3, 2, and 1 as shown 
by the above product. ' \ 

We will be especially interested in obtaining' the in-*$ 
verqe of some of the transformations given here. Note that 
since W gives the .clan of man's wife, W" 1 (the inverse of^ 1 
W) gives the clan of a woman's 'husband , j We could write H 
for the husband transformation/ but W" 1 will do as well. 
First we need, to note that the identity transformations for 
^ four clans ^is given by j , 

1 .A- 23 r 

(Compa*re**thi3 to Rq for the equilateral tri'angle.) Notice 
that 'since brothers and sisters are always in the same 
clan,, the letter I can be used as a brother transformation 
or as a sister transformation and we will occasionally 
write B Or S instead x>f I.. So, in the calculation above we 
could have wtitten wife's brother's wife = W * B * W. But 
- > X-+^J^h 1 80 tf 13 ^ Wxbxw=Wx*Ixw = W* W. The transfor- 
ijR, ^raattionS"^ and S (for brother and^sister) need not be writ- 
. , -ft^fe ten jus't as the number 1 need not be written in a multipli- 
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cation problem. They are sometimes helpful," however, in 
writing down a complicated relationship. 

Coming back to the calculation of an inverse, to find 
W~ , we recall that the inverse of any element of a group 
is the transformation that brings us back to I. Thus, 
since W" 1 denotes the inverse of W we must have 



w x w" 1 = r. 

* ' » » 

Since Wand I ate known we can solve for W" 1 by finding the 
* labels a,' b, c, and d so that 

f l 2 3 4, x J- 2-3 4. f l 2 3 4. ^ 
^ x { 2 4 1 3 3 ( a b c d } " ( 1 2 3 4 } 9 ' ' , ^ 

^Tracing through the product we see that since 1, goes to 2 
\jnder V7, 2 must go back to 1 under W" 1 . Theref pr/e, b I 1 . 
Similarly, since W takes 2 to 4, W" 1 must take 4 back to ^2 
and so d « 2. Continuing in this way we have: \ 



H -l- _ ,1 2 3V4. 
W " ( 3 1 4 2 } 



1 



Exercise 1 5 . (i) Compute W'* x-W. (ji) A man can have two types of 
brothers-in-law: his wife's brother and his sister's husband. What 
transformations give these relationships? (It may help to use S and B 
here and then substitute !•) (iii) Do the calculations for (ii). 



( iv) Suppose a transformation T is givej^ by 

T'= ( l 2 3 4^ . 

Calculate T" 1 as atfove. (v) Commute T x T. J 

4^2 — The Child Transformation 

All the relationships' among members->of a society di- 
vided into clans can be given if we know the rul.es of 
marriage and descent. Thus, for ±he present example", 
suppose that we are also given: ^ ^ 

the child of a man in clan^I~is'in clan 4 



ttfe child of a man in clan 2 is in jclan 3 
* a 

the child of a man in clan 3 is in clan 2 
A the child of a man in clan 4 is in clan 1 . { 
Or r more compactly, 

' r . J 2 3 4; 

4 3 2 1'* 

Calculating as before', the inverse of C is given by 

IS 1 



r -l . r l 23 4, 
" 4 3 2 r 
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Note tha this particular example, C = C" 1 and therefore 
C x C = I. The interpretation of the product t x c is that 
it gives the clan of a child's child. ' Since descent is 
through, the male this would give the clan of a man's son's 
children. Notice that this is not the clan of^ a man's 
daughter's children. Their 'clan would begiven by C x W" 1 
x C, where jW"" 1 gives the clan'of the daughter's husband . 



Exercise 16. Commute C x W~ l x C. Do the calculation in two ways^ 
first as (C x vT 1 ) x c and then as C x (w" 1 * C) . Be sure that you 
get the same answer both ttmefc because group product is associative! 



We mentioaed above that a maji has twoVjtypes^of grand- 
children; son's children and daughter's children. As an 
illustration of the use of the mathematics of groups con- 
sider the following question: What %ftild the rules of a^ 
society jpe like if these two tyt>es 0 f grandchildren belong- 
ed to the same clan? >That is; what is implied by the equa- 
tion 

C x w" 1 xC = CxC? - 

Our calc^crt^JIYB^ill be easier to follow if we drop the 
"times/sign," as we^ten do in algebra. So consider the 
equalrton 

CW~ l C = CC 

First; multiply both sides of\hi^ equation .oa, the ieft by- 
and use the fact that^CC" 1 is 'I. Thus/' 



XC" 1 (CW""*C) = C" 1 (CC) 

(c^cm^c) = (c -1 c)c 
iw^c =• IC ** 



Now multiply both sides on the right by C^-.to get ur« 

\r x i = cc" 1 = i v * " \ v/ 

or, 4 finally, • . ' . : : . , 

All. of, this calculation comes dQflh t9 thi'sr The two types 
of grandchildren belong % to^£he same clan only when W" 1 = I* . 
That is, onl£.$fc^ husband is- the 

same as her 'owii-cian, ^itf^t^'ca^^he coul'^ -marry her\ 
brother but grottier-sister marriages 'are never allowed Ai i 

. • - . . ' , • • i 



this discussion. Only where brpther'-sister marriages are 
permitted will two types of grandchildren belong to the 
same clan. 8 

4.3* First Cousin Marriages 

The two types of grandchildren disciissed above are 
actually cousins. More precisely , they are cross cousins, 
meaning that their parents are brother and sister. We foave 
seen that cross cousins will never belong £o the same clan. 
We now look at~a slightly more complicated question^ can 
cross cousins (of different sex) njarry? .to answer the 
question we must realize that there are two types of Gross 
cousins. The two types are shown in Figure 3 below which 
gives pa*rt of the family "tree" for cousins, in Figure 3 
we use the symbol a to denote a male, and the symbojl 0 to 
denote female. Marriage is indicated by a horizontal line, 
descent by a vertical line, sibship by an equal s. sign.. 

0 — A = 0-pA A^— 0 = A— 0 " 

A 0 'AO 

(a) , • * (bf 

Vigure 3; Family "trees" for cross cousins. 

Thus in Pigure 3(a) the boy on the left is related to the 
gixl jon-the right by the fact that hi's father is her moth- 
er's brother. In 3(b) his mother is her father's sister. 
We will see that the relationship of" the two types of cross 
cousins give different equations and hence that the rules 
permitting the 1 marriages can vary from society to society. 
We deal with each \n turn. 

Figure 3(a).' Patrilineal cross cousins - we can-write 
the equation relating the cousins .in 3.(a) by beginning with 
the boy and tracing the "tree" until we arrive at the girl. 
Ftfr each step of the relationship we write down the appro- 
priate transformation and form the product. Thus the boy's 
father's (CT^) sister (S) is the girl's mother. De^cBuJ;, is 
through her husband (W~ r ) and the boy's cousin is the child 
(C) of this man. Thus we can write C"" 1 SW" 1 C or 

qt\vt\q * \ 1 V_ • * 

for the father's (sister's) husbandJs child, if these 
people can marry then this transformation K must be the same 
as the wif> transf ormation. We thus have: 



as the equation that corresponds to the* question, can_^ ^-v 
cour t ns of ty pe 3 (a ) M m rTyl This .equation<*can . £e simpli^ 
fied a little by multiplying both *sides on the left by C. 
This* gives * * 

cc^vr^c =-CW or w-\c = cw. 

To answer the question for any particular society .we need 
to calculate these two products and, see if they are the 1 
same. For our example, 

w -l c = ( 1 2 3 4, A 2 3 4. ,1 2 3 4, ' ■„ . 
l 3 1 4 2 } ( 4 3 2 1' "* ( 2 4 1 3 } / . 

• . J * » • ' 

while . . J * 

tW - ( 4 3 2 1 } x ( 2 4 1 3^ = i:3 1 4 2 } • 

« 

Since the right sides of these equations are not- alike, 
marriage of this type is nfit permitted in the example give 
here. In other cases guch marriages may tie permitted de- 
pending on the particular rules Wand.C. 

Figure *3(b) . Matrilineal cross qousins . . From # Fi*gure 
3(b) we see that the boy's feather's wife^is^the sister of 
the girl's father. In other words the-girL i^the boy's 
wife's (brother's) child.* * We ?write C -1 WBC, or * 

v - t ' 

„ . cJhm, - ... . - —7 ^/^y ■ 

* • ♦ « 

since B = If they are permittedr.to marry bhen e -1 WC ^ 
must be the same as W. K we thetef ore < have * * 



C -1 WC 



as the equation for the marriage : o£ matrilineal/cros^s, 
cousins. i Multiplying both sides -on the left by we 'have 



WC = CW. 



The cousins of .Figure 3(b) are permitted- to marry only in 
societies in' which C and w coiranjifce'; in the mathematical 
sense.- The^ 'relevant calculation for this example shows 

CW = A 2 3 4> vV 2 i 4. „ ,1 2 3 -4. 
W , - ^4 3 2 1 1 X( 2 4 1 3 )X( 3 1 4 2 1 ', 

and marriages of v this type are permitted for thisVxample. 
For Other types of societies (defined by d'if ferent <vvle$ W 
and c) such carriages mW'not be .permitted. - * 



SUMMARY 



* We have shown "by discussing & hypothetical example 
that the kinds of calculations- used* in the* mathematical 
theory of groups can be appl-ied to, certain transformations * 
involving human groups; -namely, tfce kinship relations gen- 
erated by the rules of marriage and descent in primitive 

^societies. Few societies have only four clans, although 
both the Kariera and Xarau, groups of Australia can be pre- 
sented by simple models of this kind. (See Appendix 2 of 
White's book lifted in the Readings below), with more than 
four clans the calculations . become more complicated but the - 
principles remain-the same. Here we have looked at one 

. question that is. of. interest ; to anthropologists*: Under 

4 what. conditions may cross cotfsins marry? We saw how this 
qcfestion can be translated into a' mathematical equation 
with. the result that: if for some society W -1 c = CW, then 

' patrilineal cross cousins are permitted to rfarry, if CW = * 
WO then matrilineal cross cousins jnay marry A Similar ques- 
tions — involving for example the marriage of second cous- 
ins can be put into a similar mathematical form. 

* : : 1 I ; 

Eftercjge 17^ The^JCariera system is given by 

w - /l 2 3 4.- .,123-4.. 

-Calculate }C l C 9 CW. ana WC and see whether cross cousins can, marry in 
* this system. I ♦ * - 

Ex&rcjgft Ifl. -For the Tarau system W and C are given by 

W ( 2 1 4 3 } C - ( 1 2 3 4 K * ' - ' 

Discuss* fcrqss cousin marriage for. this example: 
^ E xerc i gft ] r 9 . Parallel cousins are defined by the diagram below, 
("parallel" because the parental siblings are of the same sex.) 

0— A = A-T-0 A — 0 = " 

- , " I T I I B 

A 0 A 0 ' fc 

"Vrite th$ equations for the condition that? parallel cousins may marry 
and'hence show, in faqt, that parallel coulins may never marry (in 
societies of the type discussed here). # ■ 

E xefCigfi ?() . In calculating with transformations there ^s a temptar 
tion to do this: 

/ ' . ' c -1 cw = w r * . 

As a^general^rule this Vfi wrong! Why? 



. 22 ; 



18- , 



^gxercigfi 21 11 Translate W and C of the text^ example into transforma- 
tions of* a labeled square. 8 Use a labeled square to calculate, the 
♦ x . • * • 

cross *caus in marriages* • , 

Bxertigfi 22 . A member of a primitive tribe is reported to have said 

by "way of explaining the marriage r^iles of his group — ' If I marry 
my sister, % won't .have anyone to hunt with, *How were hunting par- 
ities* made up in his group? 
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2-. ANSWERS TO EXERCISES \ - 

* . - v 

1: (i) (4 vaysKS ways) (2 ways*)Q way) =24 ways »' % 

(ii) (n ways)7n-l ways>..:(2 ways)(l way) = n! ways 



wherein! = n(n-l)(n-2) ...3*2.1 f 

# (i) ; .K^tfP K = 0, 1, 2, 3, ... i.e.. any multiple of 360° 

( ii) * countably many 

(iii) 240° . 

(iv) 120° • . • 

( v) same as ( i) * 

(vi) yes, e.g., 

(e) from*(d) by a clockwise rotation of 120° 
if) from (e) by a clockwise rotation of 120°» » 
^(d) from (f) by a clockwise rotation of 240° t etc." 



3: 




(b) from (b) 



(c) from C'b) 



(a) from (b) 




(f) from^b) 



(d) from (b) 



' (d) from (d) 



'(f) from (d) 



(e) from (d) 



(a) from (d) 



(c) from (d) 



(b) from (d) 



Bq' (d) - 

Rj (f) 

% R2 (e) 

F ' (a) 

F r (c) 

h (b) 

.R R 

(i) ( a )— i.(b)—U(c^ ( a )-i.(c) 

' RJ v F F* 

(ii). ( a )-2*(a)-^(d) (a)— ^(d) 

F * F R 
(iii) (a)— ^(d)— 4la) (a)— 2.(a) ' 



«2 



(iV) ( a )_i > (d)_^(e) 
(v) . <d)_X.(f)_^( e ) 
(d)_^(d)_I*(a) 
(d) 



F F 
'<d)—Ma)-i 



(d)_ Ma)- 



► (c) 



(a)— Me) 
<d)_Me) 

'f, 

(d)— Ma) 

(d)--Md) 
F 

<d)-*Mc) 



5J 
• 


V. (i) R, x R, - 
- - \ x F r = 








F r • : 




♦ h x F t = 






(ii) Rq x. = 


y • 




Rj V r 2 = 


"o* 


* 




Ro » 






"o > '• . 




, F r * F r s 






F t x F, = 


V 


j 

i 


( ijli) yes' 


i . 


r 6: 


(Rj x x F r 


= Rj « (R^ x F r ) ( 




4 *0 * F r 


" R l * F t 






7: . 








1 R l * R ! = »2 






; >4 r x F t ^ F r 






F t X R l = h 





R l F t R l F r " R l F Jl Vt R 2 F r «2 F Z F t F r ^ ^ 
8: F t fallowed by F t leaves the triangle unc^ged^ Rq ) 
followed by Rj is the same as a rotation»of ^40° 
&l followed by F t is the same as F r 
F t followed by is the same as F^- 
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10: 



11: 







R l 


»2 


R 3 














R l 


«2 


R 3 ' 








* 


' R l 


R l 


h 


"a 


\ 








-<- 


*2 


*2 


R 3 


"o 


R l 












R 3 ' 


"o 


R i 


R 2 








• 


• 


*o 


R l 


r ; 


R 3 


F h 




h 


F r 






R l 


R 2 


R 3 


F h 


F v 


' F * 


F r 


R l 


R l 


h 


R 3 


Ro. 


F * 


F r 


F v 


F h 




*2 


R 3 


_*q 


• R i . 


F v 


F h 


F r 


F * 


R 3 




«0 


R i 


H 


F r 


h 


F h 


F v • 


F h 


F h 


F r 


F v' 




«0 


R 2 


R 3 


R l 




F v 


'f* 


' F h 


• F r 


«2 


«0 


R l 


"J 


h 


Ji 


F h 


F r 


F v 


R l 


R 3 


*o 


R 2 - 


F r 


•1 2 


F v 
3 


,F n 

A 


F h 

5 6 


R 3 


R l 


R 2 

1 




1 


2 3 


A 


5 


6 1 










2 


3 A 


5 


6 


1 2 










3 


A 5 


6 


1 


2 3 










A 


5 6 


1 


2 


3 A 










5 


6 1 


*l 


3 


A~ 5 










6 


1 2 


3 


A 


5 6 











12: 
.13: 



yes 
y # es 



14: (ii) 



(iii) 



(iv) 



(•Rq» Rj » R2*# F t> F^ t F^) 
( Rq • Rj § R2 ) 
•( Rq » i ) 

(Rq. F r ) ' 
(Rq. Fj) 

4 3 2 1 2 1 4 3 > " ( 3 A I V 

B / A " ( 2 1 aV,* ( A 3 2 P ~ ( 3 4 4 ^ 

*2 * F n s ; F v 
F hV> a F v 
rl .2 3 



( 2 W X ( 3 1 2> Z ( 1 2 .jVw 



iverse^of Tti 



53 ) ;iMh 



p 3 2 



12 3; inverse' of F 



(ii) vife's brother: HB = WI = H 

sister's husban4: SW"" 1 = IW" 1 = W" 1 

(iii) - C 1 2 3 *) xf 1 2 3 <**1 - (4-3 5 '*\ - '' • 
U1U l 2 4 1 3 ; - l l 2 3 S, " ( 2 4 1 3 } v 

^ 2 3 4 } ( 1 2 3 4 } _ ( 1 2 3.4, 
12 3V v 3 14 2' ll 3 1 4 2 ; 

,,,, ,1 2 3 4, .1 2 3 4, ,1 2 3 4, 
(iv) < 2 l'4 ? x< 2 1 4 3 } * ( 1 2 3 

T -l = (1 2 3 4 T 
l 2 1 4 3' 1 

16- Ic x w" 1 ) x C = f 1 2 3 *1 « f 1 2 3 *1 x f 1 2 3 ^ 
lb. ic x w ) x c '4 3 2 1 * 3 1 42 l < 3 ; i' 

= (! 2 3 *) x (! 2 3 4. ,1 2 3 4, 
v 2 -4 1 V v 4 3 2 1 ; • 3 i 4.2 ; 

» * * 

r x (w _1 x - f 1 2 3 4, f l 2 3 4. .1 2 3 40 
C x(w 4 3 2 1 3 1 4 2 x ( 4 3 -2 i } 

, . ,1 2 3 4.* ' 1 2 3 4v .,1 2 3 4.* 

" V 43 2T l 2 A13 ; ( ' l 3 1 4 2 ; 

17- W" 1 x C - (* 2 3 4 ) x f 1 2 3 S - f 1 2 3 S 
17, W x 2 1 4.3 } X ( 3 4 1 4 2 } " ( 4 3 2 1> 

C*x W - ( X 2 3 *W f 1 2 3 S - f 1 2 3 S 
S 4 1 2 2 1 4 3 4 3 2 1 } . 

wx c = C 1 2 **) W 1 2 3 4 ) = c 1 2 3 4 ) 
* x u 4lAj M S^i2 J l U2l J , 

Since W" A C = CW and CW = WC, cross - * 

' cousins ma^r marry in this system* , 

18- iT 1 x c - f* 2 3 v S x» f 1 2 3 S - f 1 2 3 ^ 

' CxBJ( 123-i 'n 3 4,.,1 2 3 4, 
' C W r' C l 2 3 4 } X( 2 1 4 ? " ( 2 1 4 3 ) . 

v x*c *( J 2 3 4 ) xC 1 2 3 4 ) = C 1 2 3 4 ) 
* " * u l 2 1 4 y xl l 2 3 3* K l ; 1 4 3 J 

Since H^C = CW and CW = IfC, cross cousins 
oay marry in this system* 



19: C" X BG = W / ? **w" 

BC = CW (multiplying on the left by XX 

C = CW (since B = I) .» 

I = W (multiplying on the left by C" 1 ) 





x 


( mi 1 1 t* i n 1 v i n <r nn f Vt o .»i»V»f" Kv iTm 

\mui iifjijf u» tne ngnt. oy w ^ 


y-i. = 


x 


impjiitts unaL. a wum cm coma marry ner^urocner 
which is not allowed in this discussion* 


c" 1 wsw" 1 c = 


w 




wsw^c = 


CW 


(multiplying on the left by C) 


' ww^c = 


CW 


' A. . 

(since S = I) 


c - 


CW 


(since WW" 1 = I) 


i = 


w 


(multiplying on the left by C" 1 ) * 


w _1 w = 


w 


(since I = W -1 W) 




I 


(multiplying on the right by W" 1 ) \ 



Again* a woman could marry her brother* which is not allowed. 
20: WC may not equal CW, i.e.. the product may not be commutative. 
21:. W ^Rj W' 1 = R3 C = 

CW, = Ri = R3 
Since W~*C ^ CW patrilineal cross- cousins may not marry. 

WC ~ R^ R2 "~ Rj ■* 
•Since CW t WC* matrilineal ^rOss. cousins may not marrj* 
22: Hunting parties are composed of brothers-in-law. 
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STUDENT FORM 1 
Request for Help 



\ 



Return to: 

EDC/UMAP 

55 Chapel St. 

Newton, MA 02160 



Student: If you have trouble with a specific part of this unit, please fill 
out this, form and take it to your instructor for assistance. The information 
you give will help the author to revise the unit. 



Your Name 



Unit No. 




OR 



Section 



Paragraph^ 



OR 



Description of Difficulty: (Please be specific) 



Model Exam » 
Problem No._ 

• Text 

Problem No. 



Instructor : Please indicate your resolution of the difficulty in this box. 
Corrected errors in materials. List corrections here: 



O 



Gave student better explanation, example, or procedure 'than in unit, 
Givp brief outline of your addition here: 



o 



\ > 



Assisted student in acquiring general learning and -problem-solving 
skills (not losing examples from this unit.) 



\- 



■ \ 

Instructor's Signature_ 



Please use reverse if necessary. 



Return*, to : 

STUDENT FORM 2 * EDC/UMAP 



Unit Questionnaire 
Name I ~ - Unit No. Date 



55 Chapel St. 
Newton, MA 02160 



Institution • Course No. 



Check the choice for each question that comes closest to ygur personal opinion. 
1. Hov useful was the amount of detail in the unit? 
Not enough detail to* understand the unit 



JJnit would have been* clearer With i&ore detail 
_Apprapriate amount of detail 



JJnlt was occasionally too detailed, but "this was not distracting 
Too much detail; I was of ten 'distracted . v 



2. How helpful were the problem answers? 

S ample solutions were too brief; I could not^do the intermediate steps 
- - Sufficient information was giv&n to solve the problems. 



^Sample solutions were too detailed; I didn f t need them 



3. Except for fulfilling the prerequisites, how much did you use other sources (for 
example, instructor, friends, or .other books) in order to understand the unit? 

A Lot Somewhat » A Little Not at all 



4. How long was .this unit in comparison to the amount of time you generally spend on 
a lesson (lecture and homework assignment) in a typical math or science Course? 

Much Somewhat About Somewhat tfuch 
Longer Longer the Same Shorter Shorter 

5. Were any o£ the following parts of the unit confusing or distracting? (Check 
as many as apply.) 

. Prerequisites 



^Statement of skills and concepts (objectives) 
Paragraph headings 

^Examples _ • . ... 

^Special 'Assistance Supplement (if present) 
Other, please explain 



6. Were any of the following -parts of the unit particularly helpful? (Check as many 
,-,as apply.) : 

Prerequisites ^ * - 

Statement ,of skills and ^concepts (objectives) 
Examples 1 * «. 



^Problems 

^Paragraph headings 
_Table of Contents t - 

^Special Assistance Supplement (if present) 
Other, please explaih , 



Please describe anything in J:he unit that you d^d not. particularly like. 



* • 
Please describe .anything that you found particularly helpful. (Please use the back of 

this sheet if you need more space.) - t 



